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Abstract. Using the extended Schwinger quantization approach, quantum mechanics on a Riemannian
manifold M with the given action of an intransitive group of isometries is developed. It was shown that
quantum mechanics can be determined unequivocally only on submanifolds of M where G acts simply
transitively (orbits of G action). The remaining part of the degrees of freedom can be described unequiv-
ocally after introducing some additional assumptions. Being logically unmotivated, these assumptions are
similar to the canonical quantization postulates. Besides this ambiguity which is of a geometrical nature
there is an undetermined gauge field of the order of & (or higher), vanishing in the classical limit & — 0.

1 Introduction

The purpose of the present paper is to continue a series of
works we devote to a generalization of Schwinger’s quan-
tization approach for the case of a Riemannian manifold
with a group structure (determined by its metric).

In this paper we turn to the most problematic case
(as regards the physical meaning) of the formulation of
quantum mechanics on a Riemannian manifold M with
the intransitive group of isometries GG. Partially our con-
siderations are based on our previous results [2,3]. But,
in contradiction to these, the main feature of the present
paper is the fact that the dimension of the manifold M is
higher than the dimension of the group of isometries G.
This leads to a decomposition of the degrees of freedom
describing a point particle on M into two sets, related to
the group G and to the quotient space M/G. The latter
manifold does not have a global group structure in the gen-
eral case. Due to this the quantum mechanics turns out to
be completely defined only on submanifolds of M which
are isomorphic to G (the orbits of the action of G on M).
The dynamical equations for the other degrees of freedom,
connected with M /G, can be unequivocally determined af-
ter introducing some new external assumptions expanding
Schwinger’s scheme, which are similar to canonical quanti-
zation postulates and cannot be motivated logically. Nev-
ertheless, having introduced them, we find that in quan-
tum mechanics there is an abelian gauge field of order A
(or higher), that remains undetermined and vanishes in
the classical limit 7 — 0.

# e-mail: chepilko@zeos.net
b e-mail: ar@ups.kiev.ua

2 Structure of manifold
with non-transitive group of isometries

Let us consider a p-dimensional Riemannian manifold M
equipped with the metric {nyn : M, N = 1,p} in which
the action of the n-dimensional intransitive group of
isometries G is given (n < p). This means, according to
[1], that the Killing equations

vPOpnan + nuponv” +npnono” =0 (2.1)

have n independent solutions {v} : N =1,p; A =1,n}.

The set of vector fields {vi{dps : A = 1,n} describes
the representation of the Lie algebra Lie(G) of the Lie
group G acting on M. Due to this fact each vector from
this set obeys the equation

v Oyl — o ool = CC 4o, (2.2)
where C% 4p are the structure constants of G. This equal-
ity provides the following equation with m = p — n inde-
pendent solutions:

v Onp(z) = 0. (2.3)
Let us consider a new coordinate system
7V = (p%(2), 2"), (2.4)
Nzlapv a:1,m, M:m+17p7
where {¢*(z) : @« = 1,m} denote independent solutions

of (2.3). In these coordinates the Killing vectors take the
form

(TX) = (vX One™, vly) = (0,0%). (2.5)
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Further we will assume that such a coordinate system,
denoted by {#V}, on M is given and all the geometrical
objects are expressed in terms of it. The Killing vector can
be rewritten as

oM = 5%1}#, (2.6)

where the group index ¢ = m + 1,p is used instead of
A = 1,n (the indices 4, j, k, ...play the same roles as A,
B, C,...).

We introduce the inverse of the matrix {v}'
m+1,p,i =m+1,p} by

Cu =

7, 61 el U"/

€, Vi - (2.7)

Using (2.2), (2.6) and (2.7) one can prove that the matrix
{e],} obeys the Maurer-Cartan equation

5‘uef, — 5‘l,eL = —Cijkefle’j. (2.8)
It is easy to obtain the following equations by differenti-
ating:

D]\/[UM _aMU +AM1/ ZV_O

DME# = 8Me# M,u v = 0 (29)

where the object

AL, =o' Oyel, (2.10)
corresponds to the right group connection on M (see [1]).

Using (2.7) and (2.8) one can easily prove the following
property of A4, :

= —Chvleler (2.11)

AZV - AZ Ui €,6p-

Using the relations obtained above we can write down
the functional features of the metric in the special coordi-
nate system described by (2.4). To do this, we transform
the Killing equation (2.1) into a new coordinate descrip-
tion:

3“17”@ =0,
6/ﬂ7au naoAyM nl/O'AZM
OuNap = Naw NGy, + Mpu e, (2.12)

The matrix {n,, : p,v = m+1,p} has the meaning of
the metric on the orbit of the action of G on M, that is
isomorphic to G.

Making the assumption that {r,, } is a non-degenerate
matrix (so its inverse exists) we introduce the following
objects:

AZ =" Nawy 9" Mo = (Sﬁ,‘ (213)

(here the matrix {g"”} is the inverse of {#,,}). Then
Nap = Ay, and
D, A, = 0,A + AY LAY = A

pnotta ap

(2.14)

as follows from (2.12).
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Due to (2.13) and (2.14) the second equation in (2.12)
is equivalent to

Ou(Nap — guv AL AR) = 0. (2.15)
Hence, the matrix
9ap = Nap — GuvAGAp (2.16)

depends only on the coordinates {z® : « = 1,m} and is
independent on {z* : u = m + 1,p}. The metric tensor
{nmn}, describing the manifold M can be rewritten in
terms of the objects g,., A%, gag, as follows:

Aggpl/ Guv

P
s, (217)
gozﬁ ,A#gvﬁ

MNY — .(21
{77 } <gomAg grv +976A’,;Ag> ( 8)

This decomposition is similar to the Kaluza—Klein one.
In (2.18) {g®?} denotes the inverse of {gas}. If {nan}
and {g,,} are non-degenerate matrices, the matrix {g*’}
exists due to the following property:

det{nyn} = det{gag} - det{g.. }.

The functional properties of the metric (2.17) are de-
termined by the following equations:

{nun} = (gag + 9po AGAG gupA

augaﬁ = 07
apg;w = g/“’AZN + gucrAgw
OuAg = Ay, — ALAY .

(2.19)

By their form as written, the matrices (2.17), (2.18) cor-
respond to the analogous ones in [3], but their meaning is
different.

From the geometrical point of view the construction we
are considering corresponds to the principal bundle with
a total space M, a base space M /G and a structure group
G. The coordinates {x®} from the set {z™} = {2, 2}
describes the local coordinate system in M/G and the
matrix {gag} the metric tensor of M/G.

The projection map of the principal bundle (M/G)
(M, G) has the form

p: M — M/G,
{z% 2"} — {2}.
The vector fields
(2.20)

D; =v!'d,, Dy =09, — A"9,

form the bases of vertical and horizontal fields, respec-
tively. One can observe this from

dp(b1|{£0‘,¢“}) =0, dp(DOt|{w°‘,;c“})

The objects { A%} defined above correspond to the Lie(G)
valued connection 1-form on M

W —e (dz* + ALdz®).

= Dol (aey. (221)

(2.22)
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Now we write down some useful relations for the Rieman-
nian geometry on M, which describe its features explicitly.

Let V, be a standard covariant derivative constructed
with the metric {gog}. Define the operator on M/G that

generalizes the operator V, by

VaBs = DouBs — I 03B, (2.23)
for some vector field B, on M/G depending on coordi-
nates {z*}. Then

[Va, V5B, = [Da, Dg|B, — R%up,Bs,  (2.24)

where R‘;aﬁ,y is the curvature tensor for the metric gqg.
The explicit expression for the commutator [D, Dg]

can be obtained from its action on a scalar function f(x%,

z#). Performing a simple calculation we can observe that

[De, Dplf = = (0a Al — 95 AL)D, f (2.25)
+ (Ag@HAE — Ag@uAZ)al,f.
Using (2.19) in (2.26)
AgBMAE — Ag@uAZ = —CiikAéAgv;’ (2.26)
+ (0a Al — 05 AYL) + (0a Al — D5 AL)0Y,
where
Al =€l AL 9, AL = —C" el AF + O4el,. (2.27)

Due to (2.27) and (2.27) the expression (2.26) can be
rewritten as

(Do, Dglf = —FigDif, D;=v!'0,.  (2.28)

We have

5= 0a Al — Og AL + C'jp Al A, (2.29)
Observing (2.28) and (2.29) we can draw the conclusion
that the objects {A},} can be interpreted as gauge fields
defined on M/G with the strength tensor F ;.

The other relations between the basic fields have the
form

[Di, D;] = C*;Dy, [Da, D] =0.

At the end of this section we consider classes of coor-
dinate transformations z# — Z" preserving the form of
the metric (2.17) and (2.18) and its functional structure.
Evidently, one such class consists of coordinate transfor-
mations on the orbit of the action of G:

EQ — xa’
TH = TH(aV).

Under such a transformation g,, and A% behave as a
tensor and a covariant vector, respectively (the geometric
properties are described by p, v, ...). At the same time
Japg transforms as a scalar.

(2.30)
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The coordinate change on M/G
=7 (0),

{x“ o (2.31)

is of the same class.

The objects gag, A% transform as a tensor and a con-
travariant vector respectively (the geometric properties
are described by «, 0, ...), while g.s transforms as a
scalar.

The third class of transformations is described by

e = ¢
’ 2.32
{x“ =z + ot (). ( )

The main geometrical objects transform under (2.32)
as

guu(f) = g,“,(l'), gaﬁ(f) = gap (),
(@) = A - 0" (a”).

An arbitrary vector Fj; on M can be decomposed into
two objects that are invariant under the transformation
(2.32):

Fo=Fy—ALF,, Fu.=F,.

This decomposition means the extraction of the horizontal
part of Fiy.

3 Lagrangian and variational principle

Constructing quantum mechanics on a Riemannian man-
ifold M with the non-transitive group of isometries G in
terms of a variational principle, as in our previous papers,
we assume that the coordinate operators ™ form a com-
plete set of commuting observables.

The quantum Lagrangian can be written as

I — li,M

2 N U‘I(x)’

nun () (3.1)
where U,(x) is some function that provides the scalar
transformation law of L under a general non-degenerate
coordinate transformation z — T = T(z) (see [2,3]). As
has been pointed out in [2], its explicit expression can be
determined in the case when the commutator [#M, V] is
a function of only {z*}. This is a standard assumption in
the formulation of quantum mechanics on a Riemannian
manifold (see [4] and the motivation in [2]). The function
U, appears to have values of order hZ.

In the special coordinate system, introduced in (2.4),
the metric tensor {nyn} receives a form that is similar
to the one appearing in Kaluza—Klein theories. The La-
grangian can be written as

1
L= A g (0 1 A7)
1

25;0“9@39;«5 —U,(x).

+
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The Euler-Lagrange dynamical equations, according to
[2], can be derived from the action principle in the form of
the variational equation L = 0, that corresponds to the
infinitesimal coordinate variation ™ — M + §2M (z).

As has been shown in [2], the equality 6L = 0 holds if
and only if the variations 6z are Killing vectors. In the
present case, in contradiction to the one investigated in
[2,3], the dimension of the manifold M is higher than the
number of linear independent Killing vectors {v}l : M =
I,p,A=1,n} (ie. n <p).

Extracting the total time derivative, as in [2], we can
rewrite the Lagrangian as

oL pMoézM)proéxM

:a(

1
+o @ (027 0pmun) 2% — oz oMU,

1 d .
+§ 5$M;a[xNanMN] )

(3.3)
where ppr = nyn © N is for the momentum operator on
M.
In accordance with [2], the object
G = Pm © 5.I‘M (34)
has the meaning of the generator of permissible variations.
Further we decompose the variation éz™ in terms of
the basis of linear independent Killing vectors (2.6):
(3.5)

sxM =Ml &' = const.

This allows us to rewrite (3.4) as

G = (pm OUZM) ei=pie’, pir=puov). (3.6)
In the special coordinate system (2.4) the objects {p;}
have the form

_ I3
Pi =Puov;,

plu = T]HM [¢] J,‘M = guz/ o (J,'V + A; o 1‘0‘) . (37)

4 Algebra of commutation relations

Following the procedure presented in [2], we derive the
commutation relations for quantum theory on M perform-
ing an investigation of the properties of the permissible
variations connected with the action of the group G of
isometries on M. From the definition of permissible vari-
ations in terms of the representation of G on M (in the
special coordinate system) we have

1
dixh = ol = 7 [=*, pi] s (4.1)
57; Y=0=— a, il - 4.2
2% = 0= [z%pi (4.2)
(Here dz# = &'0;z*.) Using the assumption about the

commutativity of the coordinates {#™} and taking into

N.M. Chepilko, A.V. Romanenko: Quantum mechanics

account the fact that the matrix {v!'} is non-degenerate
(i.e. detv! # 0), we can conclude from (4.1) and (4.2) that

[xli7py] = ihél[f, [$a7pu] =0. (43>
The variation of the arbitrary function f which depends
on the coordinates {#™} can be defined as follows:

f (@) = 0 f(x) = [, il (4.4)
Hence
[f (@), pu] = 100, f (). (4.5)
The variations of the velocity operators are
St = % = iMooyl = %[:&”,pi], (4.6)
8,3 = d;f —0= %[ta,pi}. (4.7)

Using (3.6) and (3.7) we can express the velocity oper-
ators {¢#} in (4.6) in terms of the momentum operators
{p,}. Finally, we have

[Py i] = —ifipy, © 90y . (4.8)
The commutator (4.8) can be presented in another form,
taking into account (2.2):

[pi, ps] = —1hC" ik py. (4.9)
Similarly, due to (2.2) and (4.5), we can write
[pu,pv] = 0. (4.10)

The commutators (4.3), (4.5), (4.9) and (4.10) completely
define quantum mechanics on the orbit of the action of G
on M analyzed in [2].

Further, returning to the manifold M/G, we define the
momentum operator

Pa = Nans 0 &Y (4.11)
and the auxiliary operator

Ta :gagom'g = pa — AL o py. (4.12)
Due to 9,943 = 0, the objects p, and 7, are connected
by the following commutation relations:
[pavpi] = —iho aavéﬂ [Travpi] =0. (413)
These are all the commutators which can be obtained
immediately from the generator of permissible variations
(3.6). Note, that the commutation relations presented
above are form invariant under a general coordinate trans-
formation 2 — M = zM(x). The derivation of the re-
maining commutators requires the usage of operator
equalities and introducing some additional assumptions.
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It follows from the basic assumptions that the commu-
tator between coordinate and momentum operators on M
is a function of only {z™}, i.e.

[ pn] = ihBY (). (4.14)

Due to the commutation relations obtained above the

parts of the matrix B are already defined, namely BM =
M. Then we can write

a H
p—(P5Bs
0 o1 )

where the unknown functions B3, Bg can be written in the
following form motivated by the correspondence principle:

(4.15)

B =465 +b3, BL =0k (4.16)
The new unknown objects b3 and bf in (4.15) are func-
tions of « of order h? (or higher). To derive their operator
properties we can use the commutator of the structure

equation

vl oy — oo,y = CFuy, (4.17)

with the momentum operator p,. Using the relation

[, p;] = ihD;v! (4.18)

(the “long derivative” D; was introduced in (2.20) and
(2.21)) we can rewrite (4.17) as

[wf, p;] — ! pi] = —CF 0. (4.19)
Therefore, using the Jacobi identity, we arrive at the fol-
lowing operator equality:

[[vapj]apoz] = _h2auvfaav; + lh’Dj [vapa]' (420)

Further, taking the antisymmetrization of (4.20) with

respect to the indices 7, j we can find the equation

Dig#jo — Djp*ia = C*ij0h,, (4.21)

where we introduce the unknown function of coordinates
defined by

1

E[U%pa} - 6&”5- (422)

Qouia =

Taking into account the structure of the operator D, we
can conclude that the solution of (4.21) has the form

@Fio = Digh, (4.23)

where ©# is a new unknown function of {z™}.
Making the substitution p; = v!'op,, in (4.13) we obtain

[Pas Pu] = 1RO, © pj. (4.24)
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Now we are going to show the relation between the
objects ¢+ and BY,. To do this let us write down the Ja-
cobi identities including the coordinate operators 2™ and
momentum operators P, Py

1 « —

7% [ps,pul] = 0

1, . . o
= 5 =%, psl, pul = [[2% pul, ppl) = 100, B, (4.25)
1
E[-/E‘uv [paapu]] = lhazﬂﬁg
1 .
= ih ([['r#7pu]’pu} - [[x#apv]vpa]) = ih0, BY. (4.26)

From (4.25) we can draw the conclusion of the indepen-

dence of Bj (and, in consequence, bg) on z*, because
0,B5 = 0,b5 = 0. (4.27)

At the same time, it follows from (4.26) that the differen-

tial connection between ¥ and BY (and, in consequence,
b3) is
Oupe = 0.8y, = 0,85, (4.28)

The object p# appears in all the formulae we deal with
under the derivative operator 0,,. Hence, using (4.28) we
can identify ¢# with b%, i.e. we take

vo (@) = bg(2).

Due to the structure equation the commutator for v}
and p, reads

(4.29)

V' pa] = 0av!' + vY O, b (4.30)

7l
On the other hand, in accordance with (4.14), this com-
mutator is equal to

1
ﬁ[vfpa] = BMopot = 0qvt +0Mopt. (4.31)
By comparing (4.30) and (4.31) we obtain the equation
for the objects {bM}:

oM Ot — bl =0, 9,b% = 0. (4.32)
This equation has a transparent geometrical meaning. In
accordance with [1], the object {b}} determines vector
fields on M that generate the one-parametric group of co-
ordinate transformations commuting with isometries (iso-
metric transformations). In the general case these trans-
formations do not form the representation of an p — n-
dimensional group.

As the solutions of (4.32), the objects are not deter-
mined unequivocally. If b denotes the solution of (4.32),
its linear combination
M
o () = 0 (@b (2)

also obeys (4.32) for arbitrary functions e = M (7).

b (4.33)
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Therefore, the remaining commutation relations are
(2%, pa] = ih (35 + 5

— iEpH

[z*,pg] = 1ii'bﬂ7
[P#,pa] = 71haub; © Pu,

(4.34)

where b obeys (4.32).

In order to construct the self-contained algebra of the
commutation relations for quantum mechanics on M we
have to obtain the explicit form of [p,,pg]. In the general
case we can write

[poupﬁ] =ih (FMozﬁ opm + ‘Paﬂ) ) (4.35)
where FM 5, o5 are unknown tensors of the coordinates
on M. To determine these objects we use the Jacobi iden-
tities for the operators %, pg, py and z*, po, pg. After a
simple calculation we find that

FYoBS = — (BgaWBg - Bgang) . (4.36)
Ftos+ BEF); = — (Bff OnBY — BgfaMBg) . (4.37)

These equations allow us to define F (% as a function of
BM,

To investigate the functional properties of the object
©Yap(z) it is convenient to introduce the following opera-
tors:

Do = Pa — b 0 p,. (4.38)

According to (4.35), the operators (4.38) satisfy the
following commutation relations:

PosPu] =0, [PasPpl =i (F g 0D, +@ap) . (4.39)

From the relations

[P PasPsl] =0, 9uF7ap =0, (4.40)

obtained from (4.38) and (4.39) we can conclude that

Opupap =0, (4.41)
i.e. pog are functions of only the coordinates on the quo-
tient space M/G.

The further development of the theory can be per-
formed only due to additional assumptions about the
structure of the matrix By, that cannot be described in
terms of the basic principles, having made a base of our
quantization scheme.

Let B have the simplest form, BY = ¢%/. In this
case, as follows from results obtained above, the quantum
mechanics is described by

[, pn] = ihoy, 2™, 2] = il MY

(4.42)

The relations (4.42) can be divided into two parts. The
first one corresponds to quantum mechanics on the orbit,

[I#apv] = lhdﬁv [Iﬂvxy] = 01 [pﬂ’p’/} = 07 (443)
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while the second one describes the quantum mechanics on

the quotient space M/G:
a 0] — « — ihSQ
[z, zP] Q, [z, 73] ihdg, (4.44)
[7‘(0”71'5] =ih (pu o Fﬂaﬂ + ‘paﬁ) .

The remaining commutation relations contained in (4.42)
have the form

[, 2#] = 0,

[x#, o] = —1RAK,

[ﬂ-aap,u] = _lhaﬂAZ °Pv,

[, py] = 0. (4.45)

It is essential that the features of quantum mechan-
ics on M/G depend on the tensor ¢,g, which cannot be
determined in our quantization scheme. This object can
be viewed as the strength tensor of some abelian gauge
field. To show this, we have to take into account that the
commutator (4.35) can be rewritten in a simpler form due
to the restriction B = 68, namely

[Pas 8] = 1hpap(x?). (4.46)

Using (4.46) we find from the Jacobi identities for the
operators pa, pg, py that ¢, obeys the relation

aoc@ﬁ'y + aﬁ‘p'ya + a’y@aﬁ =0. (447)
Then the evident solution of (4.47) is
Pap = aozAﬁ - aﬁAav (448)

where A, is some unknown abelian gauge field.

5 Quantum Lagrangian on M

Following [2] we introduce the following operator as the
Lagrangian of a point particle with unit mass:

1

L(z,4) = ~(&,&) = >

> (5.1)

(P, p)-
Here (-, -) means the scalar product on M that is invariant
under a general coordinate transformation x — T(z). Its
construction has been discussed in detail in [2]. In the
present paper we modify this definition for the case

[+, pn] = ihBY (x), (5-2)
where B # 08. One can simply show that BY is a
tensor field on M (and, consequently, b = B — 5 is
a tensor field t0o).
Under a general coordinate transformation z — T(x)
on M the momentum operator transforms as
1
PyM = @y 0PN = AP + §[PN,EM
_ ih,, _ _
= appN — 5(3NGM + by dpany), (5.3)

_ _ 1 _
pPm — a% °OpPN ZPNGIA\Q - §[PNaaz\N4]

ih
= pNTny + 5 (Onays + birdptyy). (5.4)
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Taking into account the transformation law of the
Christoffel symbols I'f;,, constructed with the metric
MmN, we can write down the derivatives of the transfor-
mation matrices:

FN = FJ\Ava

onayy = T'n +ay Iy, (5.5)

_ =5 _IL_ _
onaby, =T yakal —ay,I'ls. (5.6)

Let us introduce the notation

War = T bd. (5.7)
This object transforms under a general coordinate trans-
formation on M as

W = EﬁWN + bJLVaNah (5.8)
Hence, taking into account the transformation laws of
o, I and Wy, we can define the following “left” and
“right” parts of the momentum operator:

ih
™ = PM — E(FM + W),

ih
Ty =P+ E(FM + W),

that transform as

T T _ =N

7TM—>WM—G,M’/T}L\,, 7T1\/[—>ﬁM:7TNa]\N4.

Following [2] we define the scalar norm of the momen-

tum operator pp; on M in terms of the operators ﬂw and

ma by
MN

(p,p) = Tmn (5.10)

Using the result obtained above, the Lagrangian can
be written in the form

« 1 v
L=—(mq —m,AH)g ﬁ(ﬂ'; - Agﬂ';) + iﬂug“ .

> (5.11)

In the simplest case BY = §¥ we can write it as

1 ih ih

L == _r MN = r

B <PM D) M)77 <PM+ 5 M)
2

1 h 1
= 5pM77MNpN + Z <8MFM + QFMFM> s (5.12)

where

Iy =Ty, I'M=p"Npy. (5.13)
The further analyses will be performed with the re-
striction BA! = 647. Define the metric on the group man-

ifold G:

Mij = GuVi vy, Ommij = 0. (5.14)

The norm of the momentum operator on G,

Ple ={v{ opu :i=m=1p},
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is defined as

(Pla,Pla) = pinijpj. (5.15)

From the Killing equations in the form V oM =0 it
follows that

ol = 9,0 = —Ih. (5.16)
At the same time we conclude from (2.10) that
I, = —e;ayv; = vi”&,eL =AY, (5.17)
Performing a direct calculation, one can obtain
Io=Tx, = %g@%‘)mqﬁ7 + %g”l’aagw. (5.18)

Finally, due to (5.17) and (5.18) the definition (5.15) can
be written as

ih ih
(P|G7P‘G) = (pu - 2Fu> g (pu + 2FM) s (5-19)

i.e. the norm of a group momentum coincides with the
double Lagrangian for a free particle on the orbit of G on
M.

Using (5.9) we can transform the Lagrangian into an-
other form:

1 1 in .
L= ipjgjpj‘Fi <pa —puAl — 2%)

-
« g <pa — Abp, + IQFQ> , (5.20)

where .
I'n=T,—-ALT,.

So we can rewrite (5.19) in terms of 7, = po — Ak op, as

1 . 1 ih ih
= Zpinip; + = - = o —
L PN Pi + 5 (wa 5 Qa> g (wa +t5 (Za) ,(5.21)

where

Qo =Ty — 9,AL

In order to simplify (5.21) we have to present the ob-
ject £2, in the explicit form. Using the structure equation
we obtain

O AL = —AL Ay, + AL, (5.22)
and, consequently,
o =Ty + AZA‘[’W] — AL,
= I's + 0l'ae), + C'i; Al (5.23)

where
T 0 AN
Al = eHAa.

Further, taking into account (2.18) and the equality

det{nap} = det{gas} - det{v"}, (5.24)
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we arrive at the final expression for 2,:

26 =Ya + %77”%77@- + " AL, (5.25)
where 7, = 7as, 7%y denotes the Christoffel symbol
constructed with the metric gog of the quotient space.

The formulae (5.21) and (5.25) completely determine
the final expression for the Lagrangian for a freely mov-
ing particle on M with the restriction BY = §3/. The
first term in (5.21) corresponds to quantum theory on the
orbits of the action of G on M, while the second one de-
scribes the theory on the quotient space M/G. It is es-
sential to point out here that the degrees of freedom {z#}
determine the quantum mechanics on M /G by means of
the last terms in (5.21).

6 Equations of motion for dynamics
on Riemannian manifold

In this section we have the restriction of the function B4/
to be equal to 5% . The way of determining the dynamical
equations of motion describing the particle moving on the
manifold with an intransitive group of isometries differs
from the one introduced in [2] only in details. From the
condition d . = 0 of the permissible variations we find that

1
v o (pM + §pL8M77LNpN + 3MU) =0; (6.1)

here

y . (6.2)

©(our e grr)
U=— (0TI +=T'yl’ ,
where we have substituted the Lagrangian (5.12).
Using the condition v}'e}, = 0, where {¢/,} is the inverse
of {v!'} we obtain the equations of motion of the free par-
ticle for the degrees of freedom connected with the orbits

of the action of G on M in the following form:

1
Dy = —ipMB#nMNpN - 0,U. (6.3)
This equation is equivalent to the conservation law p; = 0
for the group momentum pi.
As to the other degrees of freedom associated with
M/@G, its dynamical equations in Euler-Lagrange form
must be equivalent to the ones in Heisenberg form:

1
M= — H]. 6.4
P = o [par, H] (6.4)
The explicit expression of the Hamiltonian can be ob-
tained by comparison of (6.3) with (6.4) taking M := p.
The Hamiltonian operator derived in such a way has the
following form:

1
H=—pun™Vpy + U + ug(z),

. (6.5)
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where uy = u,(2*) is some function that does not ap-
pear in (6.3) (because 0,uq = 0). The detailed calculation
allows us to put u, = 0 (see the remark below).

Hence, we can transform (6.1) into the following form:

. 1
DM = _ipLaMnLNpN —ouU

- (TILN ° YMN) © L, (6.6)

where

1
YMN = o [par, PN ]

The restriction of M to p reduces (6.6) to (6.3), as it must.

To prove the fact that (6.6) is correctly defined, we con-
sider the operator H as the generator of time shifts t —
t =t + 6t(t), where 6t(t) are permissible time variations.
The result of the time variation of L must be in agreement
with the equations of motion in Euler-Lagrange form,
(6.6).

The time shift causes the following variations of coor-
dinate and velocity operators:

8z = 7(F) — x(t) = @(t),

. d . dot
0t = &533 - JIE

Using the commutation relations we obtain

(™, 62N] = impMNot,  [#M 52N = [#M, &Nt (6.8)

(6.7)

where
(M, &N = ihpMN 4 i fMN o &F (6.9)
(,DMN _ n]V[LnNS(PLSu
SN p = (pMEpNE = pNIpME) Ognpp. (6.10)

The variation of the Lagrangian caused only by the time
shift appears in the variation of the action functional in
the following combination:

ty

oW = /5tLdt, oL =0L+ de—?. (6.11)
ta
The expression d; L reduces to
d(Lét)
L= A2
s =" (6.12)

only due to the commutation relations.
On the other hand, extracting the total time derivative
we obtain

d dL
0L = - (Hot) + — (6.13)
. 1
- <pM - ipNaMUNLPL — U —pNo <p”M> odx;

here H means the Hamiltonian. Hence, we can write

H
H=1I, d—zo,

5 (6.14)
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after comparing (6.12) with (6.13). Note that if we define
the Hamiltonian with an additional term uq(z), we obtain
after such a comparison that u, = 0 (otherwise (6.12) and
(6.13) do not agree). Therefore, we can see that (6.6) are
consistent with the other conclusions.

The equations of motion for the degrees of freedom
representing the orbits of the action of G on M are intro-
duced above (see (6.3)). To write down the other dynami-
cal equations describing the motion on M/G it is sufficient
to assume M — « € 1, m. In terms of 7, they are found
in the form

1
o = —iﬂ'gaagﬁ'yﬂ',y (6.15)

Jr% (”BQMFHMP/L erungﬂa'vﬂ'ﬁ)
7%1’# (9”705 Aty + 977 05 AL) Py + Par © 9o — DU
n? By K n? By 7 v
+7 D, (Dag™0,4%) - =0ag (9ua50,47)
n? wo L abBY v n? MN Iz
+Z8'u (F sy 8L,A,Y) + Zaju (7} 8M8HAQ) .
Equations (6.3) and (6.15) completely describe the mo-
tion of a particle on the manifold with an intransitive
group of motions. It appears that the dynamics is de-
composed in two parts. The first one corresponds to the
motion on the orbits of the action of G on M, and the
equations of motion have the form of conservation laws for
the group momenta {p; : ¢ = m + 1, p}. The second one is
related to the motion on M /G, where the dynamics of a
particle is governed by Lorentz-type forces. The first one is
caused by a non-abelian gauge field A# with the strength
F* g, that has a purely geometrical origin, while the sec-
ond one is related to the abelian gauge field ¢, with the
strength ¢, and appears due to the quantum-mechanical
nature of the theory (in the classical limit i — 0 this ob-
ject vanishes). As to terms in (6.15) with the factor h%:
these describe rather the operator orderings in the first
terms in the r.h.s. of (6.15) than the features of dynamics.

7 Hilbert space of states

Following the scheme introduced in [2] we chose the set of
eigenvectors of coordinate operators {z} as the basis of
the Hilbert space for a point particle on M, namely

M2’y = M |z"). (7.1)

with the following normalization condition:

(@ 2"y = A(z' = 2") == ' =), (7.2)

where n(z) = det(nayn(z)). The A-function has the fol-
lowing properties:

fa)A@" —2") = f(") A" - 2"),
F@oy A —2") = =0y, f(a A — "),
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/ / 1 / 1 / 1
oA —2") =0y | ——=A(z" — ")
n(z’)
= —Iy(@HA( —2)
—Oy Al —2"). (7.5)

In terms of the coordinate decomposition ™ = {2,
x#} (7.5) takes the form

(f); LDy f’a(m’)> Ala’ — 2"
=9, AL (2" )A(x" — 2"),

(7.6)

where

Do = 0o — A*9,, Tn =T, — AT,

[ "2
To construct the coordinate representation of the op-
erators describing the quantum mechanics on M, one has
to calculate the matrix elements of the coordinate and
momentum operators M and DM -
In order to simplify this task we use the previously
defined operators

P = A{ParPuts Do i=DPa = Par Dy i=pu (1.7)
that obey the following commutation relations:
[vaxN] =0, [xMJi)N} = ih(s%v [ﬁM’ﬁN] =0. (7'8)
Using the results of [2] we can write
<£UI‘.’£M‘CUH> _ ih:c’M(x'|x”>,
1
(@' |pprl2”y = =ik (35\4 + 2FM(x')) A" —2"). (7.9)
Returning to the operators pys, we find that
1
(@ |palz) = =ik (3; + 2Fa(x’)> Az’ — 2"
+ @Q(I/)A<xl _ x//),
1
(@'|pyl2’y = —ih (Z% + 21"#(96’)) A" —2"),
(' |zM|z"y = 2"™M A2’ — "), (7.10)

Using these expressions we can write the matrix ele-
ment of the operator 7, in the form

N 1 -
<SL'I‘7TQ|.T//> = — ih (Da =+ §(Fa — aﬂAg)> A(,CC/ _ {L‘//)

+ 0o (A2 — 2"). (7.11)

The coordinate representation of the operator A can be
constructed in terms of the wave functions ¢ (z’) = (2’ |¢)
representing the state [¢) in the usual way:

(Ag)(a') = / (@' Al"y (" ). (7.12)
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Therefore, following [2] we find the representations for
the coordinate and momentum operators in the following
form:

P(a') = M),

poth(a) = —ih <a; + ;Fa(x')) D(@) + pal@)0(2),

. 1
u(e') = =in (9 + 51" ) vl (713
The coordinate representation of the Hamiltonian can
be obtained in terms of the operators

ih
77;[\4 =pu+ =I'n, (7.14)

ih
™ =Pm — =L, 5

2

namely,

(7.15)

Using the decomposition of the coordinates of M we can
write

Ta = —1h (00 + I'a) + Yo, 7 = =ik (0, +1I}), (7.16)
7l = —ilhidy + P, 7, = —ihd (7.17)

1 e

Hence, the formal part of the formulation of the quan-

tum mechanics on the Riemannian manifold with an in-

transitive group of isometries is solved. Nevertheless, the

other one, which contains the meaning and interpretation
of these results, requires a special discussion.

8 Discussion

We have examined in the present paper and in [2,3] the
generalization of Schwinger’s action principle for the case
of Riemannian manifolds with a group structure deter-
mined by isometric transformations.

The obtained results show a fundamental unity be-
tween geometrical properties of a manifold M and the al-
gebra of quantum-mechanical operators describing a point
particle on M. The key role in the formulation of quantum
mechanics is played by geometrical aspects of a symme-
try, expressed in terms of Killing vectors. These vectors
also determine the integrals of motion on M and their
algebraic properties.

It appears that the general quantization problem is
conditionally reduced to three cases. The first one, con-
sidered in [2], is related to the class of manifolds with a
simply transitive group of isometries. Here the dimension
of this group (which coincides with the number of Killing
vectors) is exactly equal to the dimension of the mani-
fold. The quantum mechanics gets its traditional form as
investigated in [4,5].

The second case contains the investigation of homo-
geneous manifolds with a non-simple transitive group of
isometries, where the dimension of the group exceeds the
dimension of the manifold. There occurs a non-abelian
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gauge structure that is similar to the one in Kaluza-Klein
theories. This structure is related to the isotropy subgroup
of G and plays the role of a gauge group. This case has
been analyzed in [3]. The obtained results are in accor-
dance with [6], where the method of study somewhat dif-
fers from ours.

The remaining third case, analyzed in the present pa-
per, is related to Riemannian manifolds with the intran-
sitive group of isometries G. In this case the dimension of
the manifold M is higher than the dimension of the group
G. From the geometrical point of view M can be consid-
ered as the total space of the principal fiber bundles with
the base space M /G and the structure group G. In terms
of this construction, M can be covered by the set of sub-
manifolds (the orbits of the G action) and G acts simply
transitively in each of them. Quantum mechanics on such
a submanifold is developed in [2]. The other degrees of
freedom, related to the quotient space M/G do not have
a uniquely determined dynamics. In order to determine
this unequivocally we have to assume something new and
external with respect to Schwinger’s scheme. There are
two types of arbitrary factors in the formulation of quan-
tum mechanics on M. Some of them are of a geometrical
nature (the functions b3/), while the others are quantum-
mechanical objects (the abelian gauge field ¢, that van-
ishes when i — 0). It is important to point out here that
the latter structure cannot be obtained in the framework
of a canonical quantization procedure; it is caused by ge-
ometrical properties of the manifold and the algebraic re-
lation between the geometrical objects.

The formal results of the present paper lead to the
more complicated question of its interpretation. We sup-
pose that this can be done in the following manner. There
are some degrees of freedom, describing a quantum sys-
tem, which have partially undetermined properties (as can
be treated in the traditional sense). The geometry of space
is determined by energy-momentum of the matter distri-
bution. It is essential to search the connection between
geometrical structures corresponding to the undetermined
dynamics and forbidden spatial zones for the systems with
a discrete energy spectrum (in the manner of “layers” be-
tween the Bohr orbits in the hydrogen atom). Neverthe-
less, the question of the interpretation of quantum theory
on a general Riemannian manifold remains an open one
and requires a more detailed discussion and further devel-
opment.

As a logical continuation of our series of papers we
thought of devoting attention to the generalization of
Schwinger’s quantization approach to the case of a super-
manifold. We are going to present this in a forthcoming

paper.
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