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Abstract. Using the extended Schwinger quantization approach, quantum mechanics on a Riemannian
manifold M with the given action of an intransitive group of isometries is developed. It was shown that
quantum mechanics can be determined unequivocally only on submanifolds of M where G acts simply
transitively (orbits of G action). The remaining part of the degrees of freedom can be described unequiv-
ocally after introducing some additional assumptions. Being logically unmotivated, these assumptions are
similar to the canonical quantization postulates. Besides this ambiguity which is of a geometrical nature
there is an undetermined gauge field of the order of � (or higher), vanishing in the classical limit � → 0.

1 Introduction

The purpose of the present paper is to continue a series of
works we devote to a generalization of Schwinger’s quan-
tization approach for the case of a Riemannian manifold
with a group structure (determined by its metric).

In this paper we turn to the most problematic case
(as regards the physical meaning) of the formulation of
quantum mechanics on a Riemannian manifold M with
the intransitive group of isometries G. Partially our con-
siderations are based on our previous results [2,3]. But,
in contradiction to these, the main feature of the present
paper is the fact that the dimension of the manifold M is
higher than the dimension of the group of isometries G.
This leads to a decomposition of the degrees of freedom
describing a point particle on M into two sets, related to
the group G and to the quotient space M/G. The latter
manifold does not have a global group structure in the gen-
eral case. Due to this the quantum mechanics turns out to
be completely defined only on submanifolds of M which
are isomorphic to G (the orbits of the action of G on M).
The dynamical equations for the other degrees of freedom,
connected withM/G, can be unequivocally determined af-
ter introducing some new external assumptions expanding
Schwinger’s scheme, which are similar to canonical quanti-
zation postulates and cannot be motivated logically. Nev-
ertheless, having introduced them, we find that in quan-
tum mechanics there is an abelian gauge field of order �

(or higher), that remains undetermined and vanishes in
the classical limit � → 0.

a e-mail: chepilko@zeos.net
b e-mail: ar@ups.kiev.ua

2 Structure of manifold
with non-transitive group of isometries

Let us consider a p-dimensional Riemannian manifold M
equipped with the metric {ηMN : M,N = 1, p} in which
the action of the n-dimensional intransitive group of
isometries G is given (n < p). This means, according to
[1], that the Killing equations

vP∂P ηMN + ηMP∂Nv
P + ηPN∂Mv

P = 0 (2.1)

have n independent solutions {vN
A : N = 1, p;A = 1, n}.

The set of vector fields {vM
A ∂M : A = 1, n} describes

the representation of the Lie algebra Lie(G) of the Lie
group G acting on M . Due to this fact each vector from
this set obeys the equation

vN
A ∂Nv

M
B − vN

B ∂Nv
M
A = CC

ABv
M
C , (2.2)

where CC
AB are the structure constants of G. This equal-

ity provides the following equation with m = p − n inde-
pendent solutions:

vN
A ∂Nϕ(x) = 0. (2.3)

Let us consider a new coordinate system

xN := (ϕα(x), xµ), (2.4)

N = 1, p, α = 1,m, µ = m+ 1, p,

where {ϕα(x) : α = 1,m} denote independent solutions
of (2.3). In these coordinates the Killing vectors take the
form

(vM
A ) = (vN

A ∂Nϕ
α, vµ

A) ≡ (0, vµ
A). (2.5)
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Further we will assume that such a coordinate system,
denoted by {xN}, on M is given and all the geometrical
objects are expressed in terms of it. The Killing vector can
be rewritten as

vM
i = δM

µ v
µ
i , (2.6)

where the group index i = m+ 1, p is used instead of
A = 1, n (the indices i, j, k, . . . play the same roles as A,
B, C, . . . ).

We introduce the inverse of the matrix {vµ
i : µ =

m+ 1, p, i = m+ 1, p} by

eiµv
µ
j = δi

j , eiµv
ν
i = δν

µ. (2.7)

Using (2.2), (2.6) and (2.7) one can prove that the matrix
{eiµ} obeys the Maurer–Cartan equation

∂µe
i
ν − ∂νe

i
µ = −Ci

jke
j
µe

k
ν . (2.8)

It is easy to obtain the following equations by differenti-
ating:

DMv
µ
i = ∂Mv

µ
i + Λµ

Mνv
ν
i = 0,

DMe
i
µ = ∂Me

i
µ − Λν

Mµe
i
ν = 0, (2.9)

where the object

Λµ
Mν = vµ

i ∂Me
i
ν (2.10)

corresponds to the right group connection on M (see [1]).
Using (2.7) and (2.8) one can easily prove the following

property of Λµ
Mν :

Λσ
µν − Λσ

νµ = −Ci
jkv

σ
i e

j
µe

k
ν . (2.11)

Using the relations obtained above we can write down
the functional features of the metric in the special coordi-
nate system described by (2.4). To do this, we transform
the Killing equation (2.1) into a new coordinate descrip-
tion:

∂µη
αβ = 0,

∂µηαν = ηασΛ
σ
νµ − ηνσΛ

σ
αµ,

∂µηαβ = ηανΛ
ν
βµ + ηβνΛ

ν
αµ. (2.12)

The matrix {ηµν : µ, ν = m+ 1, p} has the meaning of
the metric on the orbit of the action of G on M , that is
isomorphic to G.

Making the assumption that {ηµν} is a non-degenerate
matrix (so its inverse exists) we introduce the following
objects:

Aµ
α = gµνηαν , gµνηνσ = δµ

σ (2.13)

(here the matrix {gµν} is the inverse of {ηµν}). Then
ηαµ = gµνA

ν
α and

DµA
ν
α = ∂µA

ν
α + Λν

µσA
σ
α = Λν

αµ, (2.14)

as follows from (2.12).

Due to (2.13) and (2.14) the second equation in (2.12)
is equivalent to

∂µ(ηαβ − gµνA
µ
αA

ν
β) = 0. (2.15)

Hence, the matrix

gαβ = ηαβ − gµνA
µ
αA

ν
β (2.16)

depends only on the coordinates {xα : α = 1,m} and is
independent on {xµ : µ = m+ 1, p}. The metric tensor
{ηMN}, describing the manifold M can be rewritten in
terms of the objects gµν , Aµ

α, gαβ , as follows:

{ηMN} =

(
gαβ + gρσA

ρ
αA

σ
β gµρA

ρ
β

Aρ
αgρν gµν

)
, (2.17)

{ηMN} =

(
gαβ −Aµ

γg
γβ

−gαγAν
β g

µν + gγδAµ
γA

ν
δ

)
. (2.18)

This decomposition is similar to the Kaluza–Klein one.
In (2.18) {gαβ} denotes the inverse of {gαβ}. If {ηMN}
and {gµν} are non-degenerate matrices, the matrix {gαβ}
exists due to the following property:

det{ηMN} = det{gαβ} · det{gµν}.
The functional properties of the metric (2.17) are de-

termined by the following equations:

∂µgαβ = 0,
∂ρgµν = gµσΛ

σ
ρµ + gνσΛ

σ
ρν ,

∂µA
ν
α = Λν

αµ −Aρ
αΛ

ν
ρµ.

(2.19)

By their form as written, the matrices (2.17), (2.18) cor-
respond to the analogous ones in [3], but their meaning is
different.

From the geometrical point of view the construction we
are considering corresponds to the principal bundle with
a total space M , a base space M/G and a structure group
G. The coordinates {xα} from the set {xM} = {xα, xµ}
describes the local coordinate system in M/G and the
matrix {gαβ} the metric tensor of M/G.

The projection map of the principal bundle (M/G)
(M,G) has the form

p : M −→ M/G,

{xα, xµ} −→ {xα}.
The vector fields

D̂i = vµ
i ∂µ, D̂α = ∂α −Aµ

α∂µ (2.20)

form the bases of vertical and horizontal fields, respec-
tively. One can observe this from

dp(D̂i|{xα,xµ}) = 0, dp(D̂α|{xα,xµ}) = ∂α|{xα}. (2.21)

The objects {Aµ
α} defined above correspond to the Lie(G)

valued connection 1-form on M

ωi = eiµ (dxµ +Aµ
αdxα) . (2.22)
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Now we write down some useful relations for the Rieman-
nian geometry onM , which describe its features explicitly.

Let ∇α be a standard covariant derivative constructed
with the metric {gαβ}. Define the operator on M/G that
generalizes the operator ∇̂α by

∇̂αBβ = D̂αBβ − Γ γ
αβBγ (2.23)

for some vector field Bα on M/G depending on coordi-
nates {xµ}. Then

[∇̂α, ∇̂β ]Bγ = [D̂α, D̂β ]Bγ −Rδ
αβγBδ, (2.24)

where Rδ
αβγ is the curvature tensor for the metric gαβ .

The explicit expression for the commutator [D̂α, D̂β ]
can be obtained from its action on a scalar function f(xα,
xµ). Performing a simple calculation we can observe that

[D̂α, D̂β ]f = − (∂αA
µ
β − ∂βA

µ
α)∂µf (2.25)

+ (Aµ
α∂µA

ν
β −Aµ

β∂µA
ν
α)∂νf.

Using (2.19) in (2.26)

Aµ
α∂µA

ν
β − Aµ

β∂µA
ν
α = −Ci

ikA
j
αA

k
βv

ν
i (2.26)

+ (∂αA
ν
β − ∂βA

ν
α) + (∂αA

i
β − ∂βA

i
α)vν

i ,

where

Ai
α = eiµA

µ
α, ∂µA

i
α = −Ci

jke
j
µA

k
α + ∂αe

i
µ. (2.27)

Due to (2.27) and (2.27) the expression (2.26) can be
rewritten as

[D̂α, D̂β ]f = −F i
αβD̂if, D̂i = vµ

i ∂µ. (2.28)

We have

F i
αβ = ∂αA

i
β − ∂βA

i
α + Ci

jkA
j
αA

k
β . (2.29)

Observing (2.28) and (2.29) we can draw the conclusion
that the objects {Ai

α} can be interpreted as gauge fields
defined on M/G with the strength tensor F i

αβ .
The other relations between the basic fields have the

form
[D̂i, D̂j ] = Ck

ijD̂k, [D̂α, D̂i] = 0.

At the end of this section we consider classes of coor-
dinate transformations xµ → xµ preserving the form of
the metric (2.17) and (2.18) and its functional structure.
Evidently, one such class consists of coordinate transfor-
mations on the orbit of the action of G:{

xα = xα,

xµ = xµ(xν).
(2.30)

Under such a transformation gµν and Aµ
α behave as a

tensor and a covariant vector, respectively (the geometric
properties are described by µ, ν, . . . ). At the same time
gαβ transforms as a scalar.

The coordinate change on M/G{
xα = xα(xβ),
xµ = xµ (2.31)

is of the same class.
The objects gαβ , Aµ

α transform as a tensor and a con-
travariant vector respectively (the geometric properties
are described by α, β, . . . ), while gαβ transforms as a
scalar.

The third class of transformations is described by{
xα = xα,

xµ = xµ + ϕµ(xα).
(2.32)

The main geometrical objects transform under (2.32)
as

gµν(x) = gµν(x), gαβ(x) = gαβ(x),

A
µ

α(x) = Aµ
α − ∂αϕ

µ(xα).

An arbitrary vector FM on M can be decomposed into
two objects that are invariant under the transformation
(2.32):

Fα = Fα −Aµ
αFµ, Fµ = Fµ.

This decomposition means the extraction of the horizontal
part of FM .

3 Lagrangian and variational principle

Constructing quantum mechanics on a Riemannian man-
ifold M with the non-transitive group of isometries G in
terms of a variational principle, as in our previous papers,
we assume that the coordinate operators xM form a com-
plete set of commuting observables.

The quantum Lagrangian can be written as

L =
1
2
ẋMηMN (x)ẋN − Uq(x), (3.1)

where Uq(x) is some function that provides the scalar
transformation law of L under a general non-degenerate
coordinate transformation x → x = x(x) (see [2,3]). As
has been pointed out in [2], its explicit expression can be
determined in the case when the commutator [xM , ẋN ] is
a function of only {xM}. This is a standard assumption in
the formulation of quantum mechanics on a Riemannian
manifold (see [4] and the motivation in [2]). The function
Uq appears to have values of order �

2.
In the special coordinate system, introduced in (2.4),

the metric tensor {ηMN} receives a form that is similar
to the one appearing in Kaluza–Klein theories. The La-
grangian can be written as

L =
1
2

(ẋµ + ẋαAµ
α) gµν

(
ẋν +Aν

βẋ
β
)

+
1
2
ẋαgαβẋ

β − Uq(x). (3.2)
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The Euler–Lagrange dynamical equations, according to
[2], can be derived from the action principle in the form of
the variational equation δL = 0, that corresponds to the
infinitesimal coordinate variation xM → xM + δxM (x).

As has been shown in [2], the equality δL = 0 holds if
and only if the variations δxM are Killing vectors. In the
present case, in contradiction to the one investigated in
[2,3], the dimension of the manifold M is higher than the
number of linear independent Killing vectors {vM

A : M =
1, p, A = 1, n} (i.e. n < p).

Extracting the total time derivative, as in [2], we can
rewrite the Lagrangian as

δL =
d
dt
(
pM ◦ δxM

)− ṗM ◦ δxM

+
1
2
ẋM

(
δxP∂P ηMN

)
ẋN − δxM∂MUq

+
1
2

[
δxM ,

d
dt
[
ẋN , ηMN

]]
, (3.3)

where pM = ηMN ◦ ẋN is for the momentum operator on
M .

In accordance with [2], the object

G = pM ◦ δxM (3.4)

has the meaning of the generator of permissible variations.
Further we decompose the variation δxM in terms of

the basis of linear independent Killing vectors (2.6):

δxM = vM
i ε

i, εi = const. (3.5)

This allows us to rewrite (3.4) as

G =
(
pM ◦ vM

i

)
εi = piε

i, pi := pM ◦ vM
i . (3.6)

In the special coordinate system (2.4) the objects {pi}
have the form

pi = pµ ◦ vµ
i ,

pµ = ηµM ◦ ẋM = gµν ◦ (ẋν +Aν
α ◦ ẋα) . (3.7)

4 Algebra of commutation relations

Following the procedure presented in [2], we derive the
commutation relations for quantum theory onM perform-
ing an investigation of the properties of the permissible
variations connected with the action of the group G of
isometries on M . From the definition of permissible vari-
ations in terms of the representation of G on M (in the
special coordinate system) we have

δix
µ = vµ

i =
1
i�

[xµ, pi] , (4.1)

δix
α = 0 =

1
i�

[xα, pi] . (4.2)

(Here δxµ = εiδix
µ.) Using the assumption about the

commutativity of the coordinates {xM} and taking into

account the fact that the matrix {vµ
i } is non-degenerate

(i.e. detvµ
i �= 0), we can conclude from (4.1) and (4.2) that

[xµ, pν ] = i�δµ
ν , [xα, pµ] = 0. (4.3)

The variation of the arbitrary function f which depends
on the coordinates {xM} can be defined as follows:

δif(x) = vµ
i ∂µf(x) =

1
i�

[f, pµ]. (4.4)

Hence

[f(x), pµ] = i�∂µf(x). (4.5)

The variations of the velocity operators are

δiẋ
µ =

dvµ
i

dt
= ẋM ◦ ∂Mv

µ
i =

1
i�

[ẋµ, pi], (4.6)

δiẋ
α =

dvα
i

dt
= 0 =

1
i�

[ẋα, pi]. (4.7)

Using (3.6) and (3.7) we can express the velocity oper-
ators {ẋµ} in (4.6) in terms of the momentum operators
{pµ}. Finally, we have

[pµ, pi] = −i�pν ◦ ∂µv
ν
i . (4.8)

The commutator (4.8) can be presented in another form,
taking into account (2.2):

[pi, pj ] = −i�Ci
ikpk. (4.9)

Similarly, due to (2.2) and (4.5), we can write

[pµ, pν ] = 0. (4.10)

The commutators (4.3), (4.5), (4.9) and (4.10) completely
define quantum mechanics on the orbit of the action of G
on M analyzed in [2].

Further, returning to the manifold M/G, we define the
momentum operator

pα = ηαM ◦ ẋM (4.11)

and the auxiliary operator

πα = gαβ ◦ ẋβ = pα −Aµ
α ◦ pµ. (4.12)

Due to ∂µgαβ = 0, the objects pµ and πµ are connected
by the following commutation relations:

[pα, pi] = −i� ◦ ∂αv
µ
i , [πα, pi] = 0. (4.13)

These are all the commutators which can be obtained
immediately from the generator of permissible variations
(3.6). Note, that the commutation relations presented
above are form invariant under a general coordinate trans-
formation xM → xM = xM (x). The derivation of the re-
maining commutators requires the usage of operator
equalities and introducing some additional assumptions.
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It follows from the basic assumptions that the commu-
tator between coordinate and momentum operators on M
is a function of only {xM}, i.e.

[xM , pN ] = i�BM
N (x). (4.14)

Due to the commutation relations obtained above the
parts of the matrix B are already defined, namely BM

ν =
δM
ν . Then we can write

B =

(
Bα

β B
µ
β

0 δµ
ν

)
, (4.15)

where the unknown functionsBα
β ,Bµ

β can be written in the
following form motivated by the correspondence principle:

Bα
β = δα

β + bαβ , Bµ
α = bµα. (4.16)

The new unknown objects bαβ and bµα in (4.15) are func-
tions of x of order �

2 (or higher). To derive their operator
properties we can use the commutator of the structure
equation

vµ
i ∂µv

ν
j − vµ

j ∂µv
ν
i = Ck

ijv
ν
k , (4.17)

with the momentum operator pα. Using the relation

[vµ
i , pj ] = i�D̂jv

µ
i (4.18)

(the “long derivative” D̂i was introduced in (2.20) and
(2.21)) we can rewrite (4.17) as

[vµ
i , pj ] − [vµ

j , pi] = −Ck
ijv

µ
k . (4.19)

Therefore, using the Jacobi identity, we arrive at the fol-
lowing operator equality:

[[vµ
i , pj ], pα] = −�

2∂νv
µ
i ∂αv

ν
j + i�D̂j [vµ

i , pα]. (4.20)

Further, taking the antisymmetrization of (4.20) with
respect to the indices i, j we can find the equation

D̂iϕ
µ

jα − D̂jϕ
µ

iα = Ck
ijϕ

µ
kα, (4.21)

where we introduce the unknown function of coordinates
defined by

ϕµ
iα =

1
i�

[vµ
i , pα] − ∂αv

µ
i . (4.22)

Taking into account the structure of the operator D̂i we
can conclude that the solution of (4.21) has the form

ϕµ
iα = D̂iϕ

µ
α, (4.23)

where ϕµ
α is a new unknown function of {xM}.

Making the substitution pi ≡ vµ
i ◦pµ in (4.13) we obtain

[pα, pµ] = i�∂µϕ
ν
α ◦ pj . (4.24)

Now we are going to show the relation between the
objects ϕµ

α and Bν
α. To do this let us write down the Ja-

cobi identities including the coordinate operators xM and
momentum operators pα, pµ:

1
i�

[xα, [pβ , pµ]] ≡ 0

=
1
i�

([[xα, pβ ], pµ] − [[xα, pµ], pβ ]) = i�∂µB
α
β , (4.25)

1
i�

[xµ, [pα, pν ]] ≡ i�∂νϕ
µ
α

=
1
i�

([[xµ, pα], pν ] − [[xµ, pν ], pα]) = i�∂νB
µ
α. (4.26)

From (4.25) we can draw the conclusion of the indepen-
dence of Bα

β (and, in consequence, bαβ) on xµ, because

∂µB
α
β = ∂µb

α
β = 0. (4.27)

At the same time, it follows from (4.26) that the differen-
tial connection between ϕµ

α and Bµ
α (and, in consequence,

bαβ) is

∂µϕ
ν
α = ∂µB

ν
α = ∂µB

ν
α. (4.28)

The object ϕµ
α appears in all the formulae we deal with

under the derivative operator ∂µ. Hence, using (4.28) we
can identify ϕµ

α with bµα, i.e. we take

ϕµ
α(x) = bµα(x). (4.29)

Due to the structure equation the commutator for vµ
i

and pα reads

1
i�

[vµ
i , pα] = ∂αv

µ
i + vν

i ∂νb
µ
α. (4.30)

On the other hand, in accordance with (4.14), this com-
mutator is equal to

1
i�

[vµ
i pα] = BM

α ∂Mv
µ
i = ∂αv

µ
i + bMα ∂Mv

µ
i . (4.31)

By comparing (4.30) and (4.31) we obtain the equation
for the objects {bMα }:

vM
i ∂Mb

µ
α − bMα vµ

i = 0, ∂µb
α
β = 0. (4.32)

This equation has a transparent geometrical meaning. In
accordance with [1], the object {bMα } determines vector
fields on M that generate the one-parametric group of co-
ordinate transformations commuting with isometries (iso-
metric transformations). In the general case these trans-
formations do not form the representation of an p − n-
dimensional group.

As the solutions of (4.32), the objects are not deter-
mined unequivocally. If bMα denotes the solution of (4.32),
its linear combination

b
M

α (x) = εβα(xγ)bMβ (x) (4.33)

also obeys (4.32) for arbitrary functions εMα = εMα (xγ).
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Therefore, the remaining commutation relations are

[xα, pβ ] = i�
(
δα
β + bαβ

)
,

[xµ, pβ ] = i�bµβ ,
[pµ, pα] = −i�∂µb

ν
α ◦ pν ,

(4.34)

where bMα obeys (4.32).
In order to construct the self-contained algebra of the

commutation relations for quantum mechanics on M we
have to obtain the explicit form of [pα, pβ ]. In the general
case we can write

[pα, pβ ] = i�
(
FM

αβ ◦ pM + ϕαβ

)
, (4.35)

where FM
αβ , ϕαβ are unknown tensors of the coordinates

on M . To determine these objects we use the Jacobi iden-
tities for the operators xα, pβ , pγ and xµ, pα, pβ . After a
simple calculation we find that

F γ
αβB

δ
γ = −

(
Bγ

α∂γB
δ
β −Bγ

β∂γB
δ
α

)
, (4.36)

Fµ
αβ +Bµ

γF
γ
αβ = −

(
BM

α ∂MB
µ
β −BM

β ∂MB
µ
α

)
. (4.37)

These equations allow us to define FM
αβ as a function of

BM
α .

To investigate the functional properties of the object
ϕαβ(x) it is convenient to introduce the following opera-
tors:

pα = pα − bµα ◦ pµ. (4.38)

According to (4.35), the operators (4.38) satisfy the
following commutation relations:

[pα, pµ] = 0, [pα, pβ ] = i�
(
F γ

αβ ◦ pγ + ϕαβ

)
. (4.39)

From the relations

[pµ, [pα, pβ ]] = 0, ∂µF
γ

αβ = 0, (4.40)

obtained from (4.38) and (4.39) we can conclude that

∂µϕαβ = 0, (4.41)

i.e. ϕαβ are functions of only the coordinates on the quo-
tient space M/G.

The further development of the theory can be per-
formed only due to additional assumptions about the
structure of the matrix BM

N , that cannot be described in
terms of the basic principles, having made a base of our
quantization scheme.

Let BM
N have the simplest form, BM

N = δM
N . In this

case, as follows from results obtained above, the quantum
mechanics is described by

[xM , pN ] = i�δM
N , [xM , ẋN ] = i�ηMN . (4.42)

The relations (4.42) can be divided into two parts. The
first one corresponds to quantum mechanics on the orbit,

[xµ, pν ] = i�δµ
ν , [xµ, xν ] = 0, [pµ, pν ] = 0, (4.43)

while the second one describes the quantum mechanics on
the quotient space M/G:

[xα, xβ ] = 0, [xα, πβ ] = i�δα
β ,

[πα, πβ ] = i� (pµ ◦ Fµ
αβ + ϕαβ) .

(4.44)

The remaining commutation relations contained in (4.42)
have the form

[xα, xµ] = 0, [πα, pµ] = −i�∂µA
ν
α ◦ pν ,

[xµ, πα] = −i�Aµ
α, [xα, pµ] = 0.

(4.45)

It is essential that the features of quantum mechan-
ics on M/G depend on the tensor ϕαβ , which cannot be
determined in our quantization scheme. This object can
be viewed as the strength tensor of some abelian gauge
field. To show this, we have to take into account that the
commutator (4.35) can be rewritten in a simpler form due
to the restriction BM

N = δM
N , namely

[pα, pβ ] = i�ϕαβ(xγ). (4.46)

Using (4.46) we find from the Jacobi identities for the
operators pα, pβ , pγ that ϕαβ obeys the relation

∂αϕβγ + ∂βϕγα + ∂γϕαβ = 0. (4.47)

Then the evident solution of (4.47) is

ϕαβ = ∂αAβ − ∂βAα, (4.48)

where Aα is some unknown abelian gauge field.

5 Quantum Lagrangian on M

Following [2] we introduce the following operator as the
Lagrangian of a point particle with unit mass:

L(x, ẋ) :=
1
2

(ẋ, ẋ) =
1
2

(p, p). (5.1)

Here (·, ·) means the scalar product on M that is invariant
under a general coordinate transformation x → x(x). Its
construction has been discussed in detail in [2]. In the
present paper we modify this definition for the case

[xM , pN ] = i�BM
N (x), (5.2)

where BM
N �= δM

N . One can simply show that BM
N is a

tensor field on M (and, consequently, bMN = BM
N − δM

N is
a tensor field too).

Under a general coordinate transformation x → x(x)
on M the momentum operator transforms as

pM → aN
M ◦ pN = aN

MpN +
1
2

[pN , a
N
M ]

= aN
MpN − i�

2
(∂Na

N
M + bPM∂Pa

N
M ), (5.3)

pM → aN
M ◦ pN = pNa

N
M − 1

2
[pN , a

N
M ]

= pNa
N
M +

i�
2

(∂Na
N
M + bPM∂Pa

N
M ). (5.4)
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Taking into account the transformation law of the
Christoffel symbols ΓP

MN , constructed with the metric
ηMN , we can write down the derivatives of the transfor-
mation matrices:

∂Na
N
M = ΓM + aN

MΓN , ΓN = ΓM
MN , (5.5)

∂Na
P
M = Γ

S

LMa
L
Na

P
S − aS

MΓ
P
NS . (5.6)

Let us introduce the notation

WM = ΓL
MNb

N
L . (5.7)

This object transforms under a general coordinate trans-
formation on M as

WM = aN
MWN + bNL ∂Na

L
M . (5.8)

Hence, taking into account the transformation laws of
pM , ΓM and WM , we can define the following “left” and
“right” parts of the momentum operator:

πM = pM − i�
2

(ΓM +WM ),

π†
M = pM +

i�
2

(ΓM +WM ), (5.9)

that transform as

π†
M → π†

M = aN
Mπ

†
N , πM → πM = πNa

N
M .

Following [2] we define the scalar norm of the momen-
tum operator pM on M in terms of the operators π†

M and
πM by

(p, p) = πMη
MNπ†

N . (5.10)

Using the result obtained above, the Lagrangian can
be written in the form

L =
1
2

(πα − πµA
µ
α)gαβ(π†

β −Aµ
βπ

†
β) +

1
2
πµg

µνπ†
ν . (5.11)

In the simplest case BM
N = δM

N we can write it as

L =
1
2

(
pM − i�

2
ΓM

)
ηMN

(
pM +

i�
2
ΓM

)

=
1
2
pMη

MNpN +
�

2

4

(
∂MΓ

M +
1
2
ΓMΓ

M

)
, (5.12)

where

ΓM = ΓN
MN , ΓM = ηMNΓN . (5.13)

The further analyses will be performed with the re-
striction BM

N = δM
N . Define the metric on the group man-

ifold G:

ηij = gµνv
µ
i v

ν
j , ∂Mηij = 0. (5.14)

The norm of the momentum operator on G,

P|G = {vµ
i ◦ pµ : i = m = 1, p},

is defined as

(P|G,P|G) = piη
ijpj . (5.15)

From the Killing equations in the form ∇Mv
M = 0 it

follows that

∂Mv
M
A ≡ ∂µv

µ
A = −Γµv

µ
A. (5.16)

At the same time we conclude from (2.10) that

Γµ = −eiµ∂νv
ν
i = vν

i ∂νe
i
µ = Λν

νµ. (5.17)

Performing a direct calculation, one can obtain

Γα = ΓM
Nα =

1
2
gβγ∂αgβγ +

1
2
gµν∂αgµν . (5.18)

Finally, due to (5.17) and (5.18) the definition (5.15) can
be written as

(P|G,P|G) =
(
pµ − i�

2
Γµ

)
gµν

(
pµ +

i�
2
Γµ

)
, (5.19)

i.e. the norm of a group momentum coincides with the
double Lagrangian for a free particle on the orbit of G on
M .

Using (5.9) we can transform the Lagrangian into an-
other form:

L =
1
2
pjg

ijpj +
1
2

(
pα − pµA

µ
α − i�

2
Γ̂α

)

×gαβ

(
pα −Aµ

αpµ +
i�
2
Γ̂α

)
, (5.20)

where
Γ̂α = Γα −Aµ

αΓµ.

So we can rewrite (5.19) in terms of πα = pα −Aµ
α ◦ pµ as

L =
1
2
piη

ijpj +
1
2

(
πα − i�

2
Ωα

)
gαβ

(
πα +

i�
2
Ωα

)
,(5.21)

where
Ωα = Γ̂α − ∂µA

µ
α.

In order to simplify (5.21) we have to present the ob-
ject Ωα in the explicit form. Using the structure equation
we obtain

∂µA
µ
α = −Aν

αΛ
µ
νµ + Λµ

αµ, (5.22)

and, consequently,

Ωα = Γα +Aµ
αΛ

ν
[µν] − Λµ

αµ

= Γα + vµ
i ∂αe

i
µ + Ci

ijA
j
α, (5.23)

where
Ai

α = eiµA
µ
α.

Further, taking into account (2.18) and the equality

det{ηAB} = det{gαβ} · det{vµ
i }, (5.24)
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we arrive at the final expression for Ωα:

Ωα = γα +
1
2
ηij∂αηij + Ci

ijA
j
α, (5.25)

where γα = γβ
αβ , γα

βγ denotes the Christoffel symbol
constructed with the metric gαβ of the quotient space.

The formulae (5.21) and (5.25) completely determine
the final expression for the Lagrangian for a freely mov-
ing particle on M with the restriction BM

N = δM
N . The

first term in (5.21) corresponds to quantum theory on the
orbits of the action of G on M , while the second one de-
scribes the theory on the quotient space M/G. It is es-
sential to point out here that the degrees of freedom {xµ}
determine the quantum mechanics on M/G by means of
the last terms in (5.21).

6 Equations of motion for dynamics
on Riemannian manifold

In this section we have the restriction of the function BM
N

to be equal to δM
N . The way of determining the dynamical

equations of motion describing the particle moving on the
manifold with an intransitive group of isometries differs
from the one introduced in [2] only in details. From the
condition δL = 0 of the permissible variations we find that

vM
A ◦

(
ṗM +

1
2
pL∂Mη

LNpN + ∂MU

)
= 0; (6.1)

here

U =
�

2

4

(
∂MΓ

M +
1
2
ΓMΓ

M

)
, (6.2)

where we have substituted the Lagrangian (5.12).
Using the condition vµ

i e
i
ν = 0, where {eiµ} is the inverse

of {vµ
i } we obtain the equations of motion of the free par-

ticle for the degrees of freedom connected with the orbits
of the action of G on M in the following form:

ṗµ = −1
2
pM∂µη

MNpN − ∂µU. (6.3)

This equation is equivalent to the conservation law ṗi = 0
for the group momentum pi.

As to the other degrees of freedom associated with
M/G, its dynamical equations in Euler–Lagrange form
must be equivalent to the ones in Heisenberg form:

ṗM =
1
i�

[pM , H]. (6.4)

The explicit expression of the Hamiltonian can be ob-
tained by comparison of (6.3) with (6.4) taking M := µ.
The Hamiltonian operator derived in such a way has the
following form:

H =
1
2
pMη

MNpN + U + uq(xα), (6.5)

where uq = uq(xα) is some function that does not ap-
pear in (6.3) (because ∂µuq ≡ 0). The detailed calculation
allows us to put uq = 0 (see the remark below).

Hence, we can transform (6.1) into the following form:

ṗM = −1
2
pL∂Mη

LNpN − ∂MU

− (ηLN ◦ ϕMN

) ◦ pL, (6.6)

where
ϕMN =

1
i�

[pM , pN ].

The restriction ofM to µ reduces (6.6) to (6.3), as it must.
To prove the fact that (6.6) is correctly defined, we con-

sider the operator H as the generator of time shifts t →
t = t + δt(t), where δt(t) are permissible time variations.
The result of the time variation of L must be in agreement
with the equations of motion in Euler–Lagrange form,
(6.6).

The time shift causes the following variations of coor-
dinate and velocity operators:

δx = x(t) − x(t) = ẋ(t),

δẋ =
d
dt
δx− ẋdδt

dt
. (6.7)

Using the commutation relations we obtain

[xM , δxN ] = i�ηMNδt, [ẋM , δxN ] = [ẋM , ẋN ]δt, (6.8)

where

[ẋM , ẋN ] = i�ϕMN + i�fMN
L ◦ ẋL, (6.9)

ϕMN = ηMLηNSϕLS ,

fMN
P =

(
ηMSηNL − ηNSηML

)
∂SηLP . (6.10)

The variation of the Lagrangian caused only by the time
shift appears in the variation of the action functional in
the following combination:

δW =

t1∫
t2

δtLdt, δtL = δL+ L
dδt
dt
. (6.11)

The expression δtL reduces to

δtL =
d(Lδt)

dt
(6.12)

only due to the commutation relations.
On the other hand, extracting the total time derivative

we obtain

δL =
d
dt

(Hδt) +
dL
dt

(6.13)

−
(
ṗM − 1

2
pN∂Mη

NLpL − ∂MU − pN ◦ ϕµ
M

)
◦ δxN ;

here H means the Hamiltonian. Hence, we can write

H = L,
dH
dt

= 0, (6.14)
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after comparing (6.12) with (6.13). Note that if we define
the Hamiltonian with an additional term uq(x), we obtain
after such a comparison that uq = 0 (otherwise (6.12) and
(6.13) do not agree). Therefore, we can see that (6.6) are
consistent with the other conclusions.

The equations of motion for the degrees of freedom
representing the orbits of the action of G on M are intro-
duced above (see (6.3)). To write down the other dynami-
cal equations describing the motion onM/G it is sufficient
to assume M → α ∈ 1,m. In terms of πα they are found
in the form

π̇α = −1
2
πβ∂αg

βγπγ (6.15)

+
1
2
(
πβg

βγFµ
αγpµ + pµg

βγFµ
αγπβ

)
−1

2
pµ (gµσ∂σA

ν
α + gνσ∂σA

µ
α) pν + pM ◦ ϕM

α − D̂αU

+
�

2

4
D̂γ

(
∂αg

βγ∂µA
µ
β

)
− �

2

8
∂αg

βγ
(
∂µA

µ
β∂νA

ν
γ

)
+

�
2

4
∂µ

(
Fµ

αβg
βγ∂νA

ν
γ

)
+

�
2

4
∂M

(
ηMN∂M∂µA

µ
α

)
.

Equations (6.3) and (6.15) completely describe the mo-
tion of a particle on the manifold with an intransitive
group of motions. It appears that the dynamics is de-
composed in two parts. The first one corresponds to the
motion on the orbits of the action of G on M , and the
equations of motion have the form of conservation laws for
the group momenta {pi : i = m+ 1, p}. The second one is
related to the motion on M/G, where the dynamics of a
particle is governed by Lorentz-type forces. The first one is
caused by a non-abelian gauge field Aµ

α with the strength
Fµ

αβ , that has a purely geometrical origin, while the sec-
ond one is related to the abelian gauge field ϕα with the
strength ϕαβ and appears due to the quantum-mechanical
nature of the theory (in the classical limit � → 0 this ob-
ject vanishes). As to terms in (6.15) with the factor �

2:
these describe rather the operator orderings in the first
terms in the r.h.s. of (6.15) than the features of dynamics.

7 Hilbert space of states

Following the scheme introduced in [2] we chose the set of
eigenvectors of coordinate operators {xM} as the basis of
the Hilbert space for a point particle on M , namely

x̂M |x′〉 = x′M |x′〉. (7.1)

with the following normalization condition:

〈x′ |x′′〉 = ∆(x′ − x′′) :=
1√
η(x)

δ(x′ − x′′), (7.2)

where η(x) = det(ηMN (x)). The ∆-function has the fol-
lowing properties:

f(x′)∆(x′ − x′′) = f(x′′)∆(x′ − x′′), (7.3)
f(x′)∂′

M∆(x′ − x′′) = −∂′
Mf(x′)∆(x′ − x′′), (7.4)

∂′
M∆(x′ − x′′) = ∂′

M

(
1√
η(x′)

∆(x′ − x′′)

)

= −ΓM (x′)∆(x′ − x′′)
−∂′′

M∆(x′ − x′′). (7.5)

In terms of the coordinate decomposition xM = {xα,
xµ} (7.5) takes the form(

D̂′
α + D̂′′

α + Γ̂α(x′)
)
∆(x′ − x′′) (7.6)

= ∂′
µA

µ
α(x′)∆(x′ − x′′),

where

D̂α = ∂α −Aµ
α∂µ, Γ̂α = Γα −Aµ

αΓµ.

To construct the coordinate representation of the op-
erators describing the quantum mechanics on M , one has
to calculate the matrix elements of the coordinate and
momentum operators xM and pM .

In order to simplify this task we use the previously
defined operators

pM = {pα, pµ}, pα := pα − ϕα, pµ := pµ (7.7)

that obey the following commutation relations:

[xM , xN ] = 0, [xM , pN ] = i�δM
N , [pM , pN ] = 0. (7.8)

Using the results of [2] we can write

〈x′|xM |x′′〉 = i�x′M 〈x′|x′′〉,
〈x′|pM |x′′〉 = −i�

(
∂′

M +
1
2
ΓM (x′)

)
∆(x′ − x′′). (7.9)

Returning to the operators pM , we find that

〈x′|pα|x′′〉 = −i�
(
∂′

α +
1
2
Γα(x′)

)
∆(x′ − x′′)

+ ϕα(x′)∆(x′ − x′′),

〈x′|pµ|x′′〉 = −i�
(
∂′

µ +
1
2
Γµ(x′)

)
∆(x′ − x′′),

〈x′|xM |x′′〉 = x′′M∆(x′ − x′′). (7.10)

Using these expressions we can write the matrix ele-
ment of the operator πα in the form

〈x′|πα|x′′〉 = − i�
(
D̂α +

1
2

(Γ̂α − ∂µA
µ
α)
)
∆(x′ − x′′)

+ ϕα(x′)∆(x′ − x′′). (7.11)

The coordinate representation of the operator A can be
constructed in terms of the wave functions ψ(x′) = 〈x′ |ψ〉
representing the state |ψ〉 in the usual way:

(Âψ)(x′) :=
∫

〈x′|A|x′′〉〈x′′|ψ〉dx′′. (7.12)
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Therefore, following [2] we find the representations for
the coordinate and momentum operators in the following
form:

x̂Mψ(x′) = x′Mψ(x′),

p̂αψ(x′) = −i�
(
∂′

α +
1
2
Γα(x′)

)
ψ(x′) + ϕα(x′)ψ(x′),

p̂µψ(x′) = −i�
(
∂′

µ +
1
2
Γµ(x′)

)
ψ(x′). (7.13)

The coordinate representation of the Hamiltonian can
be obtained in terms of the operators

πM = pM − i�
2
ΓM , π†

M = pM +
i�
2
ΓM , (7.14)

namely,

Ĥ =
1
2
π̂M η̂

MN π̂†
N . (7.15)

Using the decomposition of the coordinates of M we can
write

πα = −i� (∂α + Γα) + ϕα, πµ = −i� (∂µ + Γµ) , (7.16)

π†
α = −i�∂α + ϕα, π†

µ = −i�∂µ. (7.17)

Hence, the formal part of the formulation of the quan-
tum mechanics on the Riemannian manifold with an in-
transitive group of isometries is solved. Nevertheless, the
other one, which contains the meaning and interpretation
of these results, requires a special discussion.

8 Discussion

We have examined in the present paper and in [2,3] the
generalization of Schwinger’s action principle for the case
of Riemannian manifolds with a group structure deter-
mined by isometric transformations.

The obtained results show a fundamental unity be-
tween geometrical properties of a manifold M and the al-
gebra of quantum-mechanical operators describing a point
particle onM . The key role in the formulation of quantum
mechanics is played by geometrical aspects of a symme-
try, expressed in terms of Killing vectors. These vectors
also determine the integrals of motion on M and their
algebraic properties.

It appears that the general quantization problem is
conditionally reduced to three cases. The first one, con-
sidered in [2], is related to the class of manifolds with a
simply transitive group of isometries. Here the dimension
of this group (which coincides with the number of Killing
vectors) is exactly equal to the dimension of the mani-
fold. The quantum mechanics gets its traditional form as
investigated in [4,5].

The second case contains the investigation of homo-
geneous manifolds with a non-simple transitive group of
isometries, where the dimension of the group exceeds the
dimension of the manifold. There occurs a non-abelian

gauge structure that is similar to the one in Kaluza–Klein
theories. This structure is related to the isotropy subgroup
of G and plays the role of a gauge group. This case has
been analyzed in [3]. The obtained results are in accor-
dance with [6], where the method of study somewhat dif-
fers from ours.

The remaining third case, analyzed in the present pa-
per, is related to Riemannian manifolds with the intran-
sitive group of isometries G. In this case the dimension of
the manifold M is higher than the dimension of the group
G. From the geometrical point of view M can be consid-
ered as the total space of the principal fiber bundles with
the base space M/G and the structure group G. In terms
of this construction, M can be covered by the set of sub-
manifolds (the orbits of the G action) and G acts simply
transitively in each of them. Quantum mechanics on such
a submanifold is developed in [2]. The other degrees of
freedom, related to the quotient space M/G do not have
a uniquely determined dynamics. In order to determine
this unequivocally we have to assume something new and
external with respect to Schwinger’s scheme. There are
two types of arbitrary factors in the formulation of quan-
tum mechanics on M . Some of them are of a geometrical
nature (the functions bMN ), while the others are quantum-
mechanical objects (the abelian gauge field ϕα that van-
ishes when � → 0). It is important to point out here that
the latter structure cannot be obtained in the framework
of a canonical quantization procedure; it is caused by ge-
ometrical properties of the manifold and the algebraic re-
lation between the geometrical objects.

The formal results of the present paper lead to the
more complicated question of its interpretation. We sup-
pose that this can be done in the following manner. There
are some degrees of freedom, describing a quantum sys-
tem, which have partially undetermined properties (as can
be treated in the traditional sense). The geometry of space
is determined by energy-momentum of the matter distri-
bution. It is essential to search the connection between
geometrical structures corresponding to the undetermined
dynamics and forbidden spatial zones for the systems with
a discrete energy spectrum (in the manner of “layers” be-
tween the Bohr orbits in the hydrogen atom). Neverthe-
less, the question of the interpretation of quantum theory
on a general Riemannian manifold remains an open one
and requires a more detailed discussion and further devel-
opment.

As a logical continuation of our series of papers we
thought of devoting attention to the generalization of
Schwinger’s quantization approach to the case of a super-
manifold. We are going to present this in a forthcoming
paper.
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